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WEIL REPRESENTATIONS OF UNITARY GROUPS
OVER RAMIFIED EXTENSIONS OF FINITE LOCAL
RINGS WITH ODD NILPOTENCY LENGTH
ALLEN HERMAN∗, MOUMITA SHAU, AND FERNANDO SZECHTMAN∗
Abstract. We find the irreducible decomposition of the Weil rep-
resentation of the unitary group U2n(A), where A is a ramified
quadratic extension of a finite, commutative, local, principal ideal
ring R and the nilpotency degree of the maximal ideal of A is odd.
We show in particular that this Weil representation is multiplicity
free. Restriction to the special unitary group SU2n(A) preserves
irreducibility and multiplicity freeness provided n > 1.
1. Introduction
Weil representations of unitary groups over finite fields were first
considered by Ge´rardin [G], who gave an explicit formula for the Weil
character as well as its decomposition into irreducible constituents.
Since then, Weil representations of unitary and special unitary groups
over finite fields have attracted considerable attention. For instance,
Tiep [T] studies when the Weil constituents lead to globally irreducible
representations; he also finds some Schur indices and provides a branch-
ing formula for the Weil character; Tiep and Zalesskii [TZ] show how to
determine the Weil components of SUn(q) by their restrictions to stan-
dard subgroups; Hiss and Malle [HM] as well as Guralnick, Magaard,
Saxl and Tiep [GMST] show that the Weil constituents and the trivial
module are the only irreducible modules of SUn(q) having “small” de-
gree; Hiss and Zalesskii [HZ] decompose the tensor product of the Weil
and Steinberg characters of Un(q) and prove this decomposition to be
multiplicity free; Pallikaros and Zalesskii [PZ] show that the restriction
of the Weil representation of Un(q) to certain subgroups is multiplic-
ity free, while Pallikaros and Ward [PW] find necessary conditions for
other types of subgroups to have this same property.
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2 A. HERMAN, M. SHAU, AND F. SZECHTMAN
Weil representations of unitary groups over an unramified extension
of a finite, commutative, local, principal ideal ring were considered by
Gow and Szechtman [GS], who gave a formula for the Weil character
which does not depend on Ge´rardin’s formula for the field case. The
decomposition of the Weil character into irreducible constituents was
later obtained in [S].
Weil representations of unitary groups over certain noncommutative
rings were constructed by Gutie´rrez, Pantoja and Soto-Andrade [GPS],
by first giving a presentation for such groups and then assigning suit-
able linear operators to the generators in such a way that the defining
relations were preserved.
In this article we deal with Weil representations of unitary groups
over suitable rings, as follows. Let O be a local PID that is not a field
having maximal ideal Os and finite residue field Fq of odd character-
istic, and let R = O[X ]/(X2 − s) be a ramified quadratic extension
of O. We have R = O ⊕Ot, where 1, t is an O-basis of R and t2 = s.
The ring R is also a local PID with maximal ideal Rt = Os ⊕ Ot
and residue field Fq. Moreover, R has an involution σ that fixes every
element of O and sends t to −t.
For m ≥ 1, we set A = R/Rtm and R = O/Os⌈m/2⌉. Note that
A (resp. R) is a finite, commutative, local, principal ideal ring with
maximal ideal r = Aπ (resp. m = Rp), where π (resp. p) is image
of t (resp. s) in A (resp. R) and residue field Fq. Observe also that R
imbeds into A = R⊕ Rπ and that m = r ∩R.
Note as well that σ induces an involution, say ∗, on A which fixes
every element of R and sends π to −π. The fixed ring of ∗ is R. Setting
S = {a ∈ A | a∗ = −a},
we have
A = R⊕ S and S = Rπ.
Observe that a− a∗ ∈ r for all a ∈ A, so the involution that ∗ induces
on A/r is trivial.
Let h : V × V → A be a nondegenerate hermitian or skew hermitian
form defined on a nonzero free A-module V of finite rank r, and let
Ur(A) be the associated unitary group. We wish to embed Ur(A) into
a symplectic group Sp(V, f), where f : V × V → R is a nondegenerate
alternating form arising from h, in order to study the restriction of the
Weil representation of Sp(V, f) to Ur(A).
Suppose first m = 2ℓ is even. Then A is a free R-module with basis
1, π. We take h to be hermitian. Given u, v ∈ V , we have
h(u, v) = k(u, v) + f(u, v)π
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for unique k(u, v), f(u, v) ∈ R, and [HS, §3] shows that f is indeed non-
degenerate. Herman and Szechtman [HS] studied the Weil representa-
tion of Ur(A) by means of its imbedding into Sp2r(R). They obtained a
decomposition of the Weil module into irreducible constituents as well
as a description of each constituent by means of Clifford theory with
respect to the largest abelian congruence subgroup of Ur(A). Their
study required auxiliary material on hermitian forms, unitary groups
and their actions on hermitian spaces, all of which was developed in
[CHQS] for this purpose.
In this paper we consider the last remaining case, namely the case
when m = 2ℓ − 1 is odd. In this case, neither A nor V are free R-
modules, as seen §2, except in the special case ℓ = 1 when A = R. We
take h to be skew hermitian. Given u, v ∈ V , we have
h(u, v) = f(u, v) + k(u, v)π
for a unique f(u, v) ∈ R and some k(u, v) ∈ R. As shown in §2, f
is in fact nondegenerate. Virtually none of the tools from [CHQS] are
now available and this prompted the development of [CS] in order to
provide the subsidiary material on skew hermitian geometry and their
corresponding unitary groups required to study the Weil representa-
tion. In particular, the rank of V is now forced to be even, say r = 2n,
as shown in [CS, Proposition 2.12].
The goal of this paper is to study the Weil module of U2n(A) by
means of its imbedding into Sp(V, f) and to obtain its decomposition
into irreducible submodules. It turns out that this Weil module is
multiplicity free and, much as in the symplectic case studied by Cliff,
McNeilly and Szechtman [CMS1], the Weil module has a top layer
and a bottom layer, the constituents of the top layer are the various
eigenspaces for the action of the center of U2n(A), and the bottom layer
is a Weil module for a unitary group U2n(A), where A is a quotient of A.
The degrees of the irreducible Weil components are determined. All of
these constituents remain irreducible and non-isomorphic to each other
when restricted to SU2n(A) provided n > 1. In spite of the fact that
V is not a free R-module, we are able to obtain a decomposition of the
Weil module of Sp(V, f) into 2ℓ non-isomorphic modules, a case which
falls outside of the study made in [CMS1].
It should be noted that while in [S] and [HS] the irreducible con-
stituents of the top layer of the Weil representation do not have the
same degrees, the opposite is true here. Moreover, in [HS] there are two
choices of nondegenerate hermitian form, while only one nondegenerate
skew hermitian form is possible in this paper. One of the choices yields
a Weil representation of U2(A) whose top layer has fewer irreducible
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constituents than the other choice. Nothing like this happens in this
paper. Furthermore, in the present paper U2n(A) is an extension of the
symplectic group Sp2n(q) by a maximal congruence subgroup, whereas
in [HS] (resp. [GS]) the unitary group Un(A) is an extension of an
orthogonal group On(q) (resp. the unitary group Un(q)).
The paper is organized as follows. Background material from various
sources is collected in §2 and §3. Orbit enumeration required for the
Weil decomposition is carried out in §4, while the decomposition itself
is presented in §5. The degrees of the irreducible constituents can
be found in §6. The final section gives a decomposition of the Weil
representation of Sp(V, f), where V is not a free R-module.
All representations are assumed to be finite dimensional over the
complex numbers.
2. Rings and forms
We maintain throughout the above notation with m = 2ℓ − 1 odd.
Observe that the annihilator of π in R is Rpℓ−1. Now πpℓ−1 = π2ℓ−1 = 0
and A = R ⊕ Rπ, so Rpℓ−1 = Aπ2(ℓ−1) is the minimal ideal of both R
and A, and will be denoted by n.
The nilpotency degree of r is 2ℓ − 1 and that of m is ℓ, so that
|A| = q2ℓ−1 and |R| = qℓ. In particular, either ℓ = 1 and A = Fq = R,
or else ℓ > 1 and A is not a free R-module.
An alternative construction of (A, ∗) is to start off with R as above, so
that R is a finite, commutative, local, principal ideal ring with maximal
ideal m = Rp having nilpotency degree ℓ ≥ 1 and residue field Fq of
odd characteristic, and then set
A = R[X ]/(X2 − p,X2ℓ−1).
Then R imbeds into A = R⊕Rπ, where π is the image of X in A, the
annihilator of π in R is Rpℓ−1, and π2 = p. The involution of R[X ] that
fixes every element of R and sends X to −X induces an involution ∗
on A.
We have a group homomorphism, called the norm map, A× → R×,
given by a 7→ aa∗. Its kernel will be denoted by N . Thus
N = {a ∈ A× | aa∗ = 1}.
Arguing as in [HS, Lemmas 7.4 and 7.5], we see that
(2.1) |N | = 2|A|/|R|.
Recall that V be a nonzero free A-module of finite rank r and
that h : V × V → A is a nondegenerate skew hermitian form. The
latter means that h is linear in the second variable, ∗-linear in the
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first, h(v, u) = −h(u, v)∗ for all u, v ∈ V , and the A-linear map
V → V ∗ = HomA(V,A), u 7→ h(u,−), is a monomorphism. Here
V ∗ is viewed as an A-module via (aα)(v) = a∗α(v). Since A has a
unique minimal ideal, we deduce the existence of a linear character
A+ → C∗ having no nonzero ideals on its kernel. Then the first half of
the proof of [CMS2, Lemma 2.1] applies (just replace R by A and [ , ]
by h) to show that V → V ∗ is an isomorphism. It follows from [CS,
Proposition 2.12] that r = 2n is even and V has a “symplectic” basis,
i.e., a basis u1, . . . , un, v1, . . . , vn satisfying
(2.2) h(ui, vj) = δij , h(ui, uj) = h(vi, vj) = 0.
In particular, the isomorphism type of the corresponding unitary group
U = U(V, h) = {g ∈ GLA(V ) | h(gu, gv) = h(u, v) for all u, v ∈ V }
does not depend on the choice of h.
Identifying each a ∈ N with a · 1V , we can view N as a central
subgroup of U.
Recalling the meaning of f , we see that f : V × V → R is given by
f(v, w) =
h(v, w) + h(v, w)∗
2
, v, w ∈ V.
We readily verify that f is an alternating R-bilinear form on V , which
is now viewed as an R-module. We refer to f as the alternating form
associated to h.
We claim that f is nondegenerate, in the sense that the associated R-
linear map V → V ∗ = HomR(V,R), v 7→ f(v,−), is a monomorphism.
Indeed, let v be a nonzero element of V . Suppose, if possible, that
f(v, V ) = 0. Then h(v, V ) ⊆ S = Rπ. By the nondegeneracy of h,
there is u in V such that h(v, u) 6= 0. Since h(v, u) ∈ Rπ, we have
h(v, u) = rπ2i−1 for some r ∈ R× and 1 ≤ i < ℓ. Set w = πu. Then
h(v, w) = rπ2i = rpi, so f(v, w) = rpi, which is nonzero because r ∈ R×
and i < ℓ. This contradiction proves that V → V ∗ is injective. That
V → V ∗ is also surjective is proven in [CMS2, Lemma 2.1].
Now every g ∈ U is naturally an invertible R-linear map from V
to V preserving f , so U is a subgroup of the symplectic group
Sp = Sp(V, f) = {g ∈ GLR(V ) | f(gu, gv) = f(u, v) for all u, v ∈ V }.
It is worth noting that if ℓ > 1 then V is not a free R-module. Indeed,
let e1, . . . , e2n be an A-basis of V . Then
V = Re1 ⊕ · · · ⊕ Re2n ⊕Rπe1 ⊕ · · · ⊕ Rπe2n.
Suppose V were R-free. Since P = Rπe1 ⊕ · · · ⊕ Rπe2n is a direct
summand of V , then P is a projective R-module. Since R is local, it
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follows that P is free. But pℓ−1P = 0. When ℓ > 1 neither P nor pℓ−1
are 0, so freeness is contradicted.
Given an ideal i of R we set
V (i) = {v ∈ V | f(v, V ) ⊆ i}.
It is clear that V (i) is an Sp-invariant submodule of V .
Lemma 2.1. We have
r2i−1V = V (mi), i ≥ 1.
In particular, rjV is an Sp-invariant R-submodule of V for every j ≥ 0.
Proof. Let v, w ∈ V . Then h(v, w) = r + sπ, where r, s ∈ R, so
h(v, π2i−1w) = π2i−1(r + sπ) = spi + rπ2i−1,
whence f(v, π2i−1w) = spi ∈ mi. This proves that r2i−1V ⊆ V (mi).
Suppose conversely that u ∈ V (mi). By [CS, Proposition 2.12], the
module V has a basis u1, . . . , un, v1, . . . , vn satisfying (2.2). We have
u = a1u1 + · · ·+ anun + b1v1 + · · ·+ bnvn, ak, bk ∈ A.
Thus
(bk + b
∗
k)/2 = f(uk, u) ∈ Rp
i, 1 ≤ k ≤ n.
Moreover, since
π(bk − b
∗
k)/2 = f(−πuk, u) ∈ Rp
i = Rππ2i−1, 1 ≤ k ≤ n,
we see that
(bi − b
∗
i )/2 ∈ Rπ
2i−1, 1 ≤ k ≤ n.
It follows that
bk ∈ Rp
i +Rπ2i−1 = r2i−1, 1 ≤ k ≤ n.
A similar argument using vk instead of uk, shows that all ak ∈ r
2i−1, so
that u ∈ r2i−1V .
The above shows all r2i−1V are Sp-invariant R-submodules of V .
Given that r2iV = miV is also an Sp-invariant R-submodule of V , the
proof is complete. 
Given an R-submodule U of V we will write
U⊥ = {v ∈ V | f(v, U) = 0}.
As shown in [CMS2, Lemma 2.1], we have
(2.3) |V | = |U ||U⊥|.
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It is clear that U⊥ is an Sp-invariant submodule of V provided U is.
This is the case, for instance, when U = IV and I is an ideal of R. If
J denotes the annihilator of I in R, then [CMS2, Lemma 5.4] gives
(2.4) (JV )⊥ = V (I) and V (J)⊥ = IV.
Lemma 2.2. Let i be an ideal of A with annihilator j. Then
(iV )⊥ = jV.
Proof. Suppose first i = r2i−1, where 1 ≤ i ≤ ℓ. Then by Lemma 2.1
and (2.4), we have
(r2i−1V )⊥ = V (mi)⊥ = mℓ−iV = r2(ℓ−i)V,
where j = r2(ℓ−i) is the annihilator of i. Suppose next i = r2i, where
0 ≤ i < ℓ. Then by Lemma 2.1 and (2.4), we have
(r2iV )⊥ = (miV )⊥ = V (mℓ−i) = r2(ℓ−i)−1V,
where j = r2(ℓ−i)−1 is the annihilator of i. 
3. Schro¨dinger and Weil representation
A linear character R+ → C× is said to be primitive if its kernel does
not contain any ideal of R but (0). Note that R+ has qℓ − qℓ−1 > 0
primitive linear characters. We fix one of them, say λ : R+ → C×.
Let H = R× V be the Heisenberg group, with multiplication
(r, u)(s, v) = (r + s+ f(u, v), u+ v).
We identify the center Z(H) = (R, 0) of H with R+. Note that Sp acts
on H by means of automorphisms via
g(r, u) = (r, gu).
Given an R-submodule U of V , we consider the normal subgroup
H(U) = (R,U) of H .
Proposition 3.1. The Heisenberg group H has a unique irreducible
module, up to isomorphism such that Z(H) acts on it via λ. Its di-
mension is equal to
√
|V |.
Proof. This can be found in [CMS1, Proposition 2.1]. 
We fix a Schro¨dinger representation S : H → GL(X) of type λ, that
is, a representation satisfying the conditions stated in Proposition 3.1.
For g ∈ Sp, the conjugate representation Sg : H → GL(X), given by
Sg(r, u) = S(r, gu),
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is also irreducible and lies over λ. By Proposition 3.1, S and Sg are
equivalent. By [CMS1, Theorem 3.1] there is a representation W :
Sp→ GL(X) such that
(3.1) W (g)S(k)W (g)−1 = S(gk), g ∈ Sp, k ∈ H.
We may thus view X as a module for the semidirect product H ⋊ Sp.
Definition 3.2. Let G be a subgroup of Sp. By a Weil representation
of G of type λ we understand any representation W ′ : G → GL(X)
satisfying (3.1) for all g ∈ G and k ∈ H . Since S is irreducible, Schur’s
Lemma ensures that the Weil representations of G of type λ are of the
form
g 7→ τ(g)W (g), g ∈ G,
where τ is a linear character of G.
Let U be a totally isotropic R-submodule U of V relative to f . Then
(0, U) is a subgroup of H and we define X(U) to be the fixed points of
(0, U) in X , that is,
X(U) = {x ∈ X |S(0, u)x = x for all u ∈ U}.
Note that if the submodule U is Sp-invariant, then the subgroup (0, U)
is normalized by Sp, whence X(U) is a CSp-submodule of X .
Proposition 3.3. Let U be a totally isotropic R-submodule of V rel-
ative to f . Then X(U) is an irreducible H(U⊥)-submodule of X of
dimension
√
|U⊥/U |.
Proof. This is shown in [CMS1, Proposition 4.1 and Lemma 4.2]. 
Given a finite group G, two G-modules P and Q and a finite G-set Y ,
we set
[P,Q]G = dimCHomCG(P,Q),
OG(Y ) = number of G-orbits of Y.
By [CMS1, Theorem 4.5] for any subgroup G of Sp(V ), we have
(3.2) [X,X ]G = OG(V ).
4. Orbits
Lemma 4.1. Recalling that S = {a ∈ A | a∗ = −a}, we have
{h(u, u) | u ∈ V \ rV } = S.
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Proof. Since h is skew hermitian, h(u, u) ∈ S for all u ∈ V . By virtue of
[CS, Proposition 2.12], V has an A-basis u1, . . . , un, v1, . . . , vn satisfying
(2.2). Then
T = {u1 + πrv1 | r ∈ R}
is a subset of V \ rV satisfying
{h(u, u) | u ∈ T} = S.

Lemma 4.2. We have
OSp(V ) = 2ℓ.
Proof. We claim that the Sp-orbits of V are
V \ rV, rV \ r2V, r2V \ r3V, . . . , r2ℓ−2 \ {0}, {0}.
First of all, V \ rV is an Sp-orbit. Indeed, we know from [CMS2,
Lemma 5.2] that V \ V (m) is an Sp-orbit while, on the other hand,
Lemma 2.1 ensures that rV = V (m).
If ℓ = 1 we are done. Suppose henceforth that ℓ > 1. Care is
required, as the actions of Sp and A on V do not commute.
We next verify that rV \ r2V is an Sp-orbit. Note that this set is Sp-
stable, as rV \r2V = V (m)\mV . By [CS, Theorem 3.1], if u, v ∈ V \rV ,
then u and v are in the same U-orbit if and only if h(u, u) = h(v, v).
Let u1, . . . , un, v1, . . . , vn and T have the same meaning as in the proof
of the Lemma 4.1. Since the actions of U and A on V commute and U
is a subgroup of Sp, it follows that every w ∈ rV \ r2V is Sp-conjugate
to an element of πT . We wish to show that πT is inside an Sp-orbit.
To see this, let πu1+prv1 be an arbitrary element of πT . For u, w ∈ V
satisfying f(u, w) = 0 the Eichler transformation τu,w of V , given by
v 7→ v + f(v, u)w + f(v, w)u, v ∈ V,
is easily seen to belong to Sp. Given t ∈ R, we set
u = tv1, w = πv1, v = πu1 + prv1.
Note that
f(v, u) = 0, f(v, w) = −p, f(u, w) = 0.
Therefore τu,w ∈ Sp and
τu,w(v) = πu1 + prv1 − ptv1 = πu1 + p(r − t)v1.
By varying t ∈ R, we see that πT is inside an Sp-orbit. This proves
that rV \ r2V is an Sp-orbit.
Finally, since
r2V \ r3V = pV \ prV = p(V \ rV ),
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and V \ rV is an Sp-orbit, it follows that r2V \ r3V is an Sp-orbit.
Likewise, since
r3V \ r4V = prV \ pr2V = p(rV \ r2V ),
and rV \ r2V is an Sp-orbit, it is clear that r3V \ r4V is an Sp-orbit,
and so on. 
Lemma 4.3. We have
OU(V \ rV ) = |S|.
Proof. If ℓ = 1 then any nonzero vector of V is part of a symplectic
basis and |S| = 1, so the result follows. Suppose next ℓ > 1. By [CS,
Theorem 3.1], if u, v ∈ V \ rV then u, v are in the same U-orbit if and
only if h(u, u) = h(v, v). Now apply Lemma 4.1. 
Lemma 4.4. We have
OU(V \ rV ) = OU(rV \ r
2V ).
Proof. Let E be a set of representatives for the U-orbits of V \ rV . It
is clear that every vector in rV \ r2V is U-conjugate to a vector in πE.
Thus the map E → πE, given by e 7→ πe, is surjective. We claim
that it is also injective and, in fact, that if e1, e2 ∈ E and πe1, πe2 are
U-conjugate then e1 = e2. For this purpose we recall that n = m
ℓ−1, we
view rV as a module for A/n and consider the map q : rV × rV → A/n
given by
q(πv, πw) = h(v, w) + n, v, w ∈ V.
Given g ∈ U, for all v, w ∈ V we have
q(gπv, gπw) = q(πgv, πgw) = h(gv, gw)+n = h(v, w)+n = q(πv, πw),
so the restriction of g to πV preserves q. Suppose g ∈ U satisfies
gπe1 = ye2. By above,
q(πe2, πe2) = q(gπe1, gπe1) = q(πe1, πe1),
which means
h(e1, e1)− h(e2, e2) ∈ n ∩ S = (0).
Thus e1, e2 are U-conjugate by [CS, Theorem 3.1]. Since e1, e2 ∈ E, we
infer e1 = e2. 
We introduce new notation, provided ℓ > 1. Let V = V/r2ℓ−3V ,
which is a free module over A = A/r2ℓ−3 of rank 2n. For a ∈ A and
v ∈ V set
a = a + r2ℓ−3 ∈ A and v = v + r2ℓ−3V ∈ V .
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Note that A inherits an involution ∗ from A, given by
a∗ = a∗, a ∈ A.
We further let R = R/mℓ−1, and for r ∈ R we set
r = r +mℓ−1 ∈ R.
We see that R imbeds into A, that R is the fixed ring of ∗ in A, and
that A = R⊕Rπ, where π2 = p and the annihilator of π in R is Rpℓ−2.
Observe that h gives rise to a nondegenerate skew hermitian form
h : V × V → A, given by
h(v, w) = h(v, w), v, w ∈ V.
Let U stand for the associated unitary group.
Lemma 4.5. We have
OU(V ) = 2(q
ℓ−1 + qℓ−2 + · · ·+ 1).
Proof. By induction on ℓ. If ℓ = 1 then, by Lemma 4.2, U = Sp has
only two orbits on V , namely V \ {0} and {0}. Suppose ℓ > 1 and the
result is true for 1 ≤ ℓ′ < ℓ. By Lemmas 4.3 and 4.4, we have
OU(V \ r
2V ) = 2|S| = 2qℓ−1.
By inductive hypothesis,
OU(V ) = 2(q
ℓ−2 + · · ·+ q + 1).
On the other hand, r2V is also a free A-module of rank 2n endowed
with a nondegenerate skew hermitian form h′ : r2V × r2V → A, given
by
h′(π2v, π2v) = h(v, w) + r2ℓ−3, v, w ∈ V.
It is clear that the map ∆ : r2V → V , given by
π2v 7→ v, v ∈ V,
is a well-defined isometry. Moreover, ∆ commutes with the actions of
U on r2V (by restriction) and V (inherited from the action of U on V ).
Furthermore, by [CS, Theorem 4.1], the canonical map U → U is an
epimorphism. It follows that
OU(r
2V ) = OU(V ) = OU(V ) = 2(q
ℓ−2 + · · ·+ q + 1),
so
OU(V ) = OU(V \ r
2V ) +OU(r
2V ) = 2(qℓ−1 + qℓ−2 + · · ·+ 1).

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5. Decomposition of X into irreducible U-modules
Suppose ℓ > 1 and keep the notation introduced prior to Lemma 4.5.
By Lemma 2.1, r2ℓ−3V = V (mℓ−1), so that r2ℓ−3V is an Sp-invariant R-
submodule of V . Note that f gives rise to a nondegenerate alternating
form f : V × V → R, given by
f(v, w) = f(v, w), v, w ∈ V.
Observe that f is the alternating form associated to h. Let Sp and H
be the associated symplectic and Heisenberg groups.
We have natural group homomorphism U → U, say g 7→ g, shown
to be surjective in [CS, Theorem 4.1], and having kernel
Ω = {g ∈ U | gv ≡ v mod r2ℓ−3V }.
Recalling that n = mℓ−1 = r2ℓ−2, we see that n2 = (0), so nV is a
totally isotropic R-submodule of V relative to f . Setting
Bot = X(nV ),
we see that Bot is an Sp-submodule of X .
It is easy to see that W (g)|Bot must be a scalar operator for any
g ∈ Ω. Indeed, by Lemma 2.2, we have (nV )⊥ = rV . Thus, by
Proposition 3.3, Bot = X(nV ) is an irreducible H(rV )-module. But R
acts onX by scaling through λ, so Bot is an irreducible (m, rV )-module.
On the other hand, since the actions of U and A on V commute, we
readily verify that Ω acts trivially on every element of (m, rV )/(0, nV ).
We infer that
W (g)|BotS(k)|BotW (g)|
−1
Bot = S(
gk)|Bot = S(k)|Bot, g ∈ Ω, k ∈ (m, rV ).
It follows from Schur’s Lemma that W (g)|Bot is a scalar operator for
every g ∈ Ω, as claimed. For our purposes, we need the stronger result
that, for a suitable choice of W , W (g)|Bot = 1Bot for every g ∈ Ω.
To prove this we consider the map (m, rV )→ H given by
(5.1) (rp, πv) 7→ (−r, v), r ∈ R, v ∈ V.
It is a well-defined group epimorphism with kernel (0, nV ). Since the
actions of U and A on V commute, we see that (5.1) is compatible with
the actions U on H and H, in the sense that if g ∈ U and k ∈ H is the
element corresponding to k ∈ (m, rV ) then
(5.2) gk = g k.
Let λ be the primitive linear character of R given by
r 7→ λ(pr), r ∈ R.
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Let S : H → GL(Bot) be the representation of H obtained via (5.1),
that is,
(5.3) S(k) = S(k)|Bot, k ∈ (m, rV ).
It follows from Proposition 3.3 that S is irreducible and it is clear from
(5.3) that the center of H acts on Bot via λ. Thus S is Schro¨dinger of
type λ by Proposition 3.1.
LetW : Sp→ GL(Bot) be a Weil representation of Sp corresponding
to S. The compatibility condition (5.2) then gives
(5.4) W (g)S(k)W (g)−1 = S(g k) = S(gk), g ∈ U, k ∈ (m, rV ).
Let W0 : U→ GL(Bot) be the representation defined by
W0(g) = W (g), g ∈ U.
Then (5.3) and (5.4) give
W0(g)S(k)|BotW0(g)
−1 = S(gk)|Bot, g ∈ U, k ∈ (m, rV ).
Since Bot is an irreducible (m, rV )-module via k 7→ S(k)|Bot as well
as a U-invariant submodule of X , it follows from Schur’s Lemma that
there is a linear character τ : U→ C such that
τ(g)W (g)|Bot = W0(g), g ∈ U.
According to Definition 3.2, g 7→ τ(g)W (g), g ∈ U, is a Weil represen-
tation of type λ. We have shown:
Theorem 5.1. Suppose that ℓ > 1. Then there is a Weil representation
of U of type λ through which the congruence subgroup Ω acts trivially
on Bot and the corresponding representation of U afforded by Bot is a
Weil representation of type λ.
Recall that N = {a ∈ A× | aa∗ = 1}. For φ ∈ Irr(N), let
εφ =
1
|N |
∑
a∈N
φ(a−1)a
be the idempotent in CN associated to φ. Given a CN -module Y , we
set
Y (φ) := εφY = {y ∈ Y | ay = φ(a)y for all a ∈ N}.
We refer to Y (φ) as the N -eigenspace of Y associated to φ. We know
that Y is the direct sum of its N -eigenspaces, that is,
Y =
⊕
φ∈Irr(N)
Y (φ).
In general, one or more Y (φ) may be zero.
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We apply this to the Sp-module
Top = X/Bot.
Since N is a central subgroup of U, each Top(φ) is a U-submodule of X .
Theorem 5.2. Suppose that ℓ > 1. Then Top(φ) 6= (0) for each
φ ∈ Irr(N).
Proof. By [CS, Propositon 2.12], V has a basis u1, . . . , un, v1, . . . , vn
satisfying (2.2). Let M (resp. Q) be the A-span of u1, . . . , un (resp.
v1, . . . , vn) so that V = M ⊕ Q, where each of M,Q is a maximal
totally isotropic A-submodule of V relative to h. Since |M | =
√
|V |
and f(M,M) = 0, it follows from (2.3) that M a maximal totally
isotropic R-submodule of V relative to f .
Take U = M to construct X as in the proof of [CMS1, Proposition
2.1]. Then the (0, v), v ∈ Q, form a transversal for H(U) in H(V ), so
that
X =
⊕
v∈Q
(0, v)Cy.
It follows that the ev = (0, v)y, v ∈ Q, form a complex basis of X . Let
T be a transversal for nQ in rQ. For t ∈ T , consider the element Et of
X defined by
Et =
∑
v∈nQ
et+v.
By construction, the Et, t ∈ T , are linearly independent. Therefore, by
Lemma 2.1, (2.4) and Proposition 3.3, the span of all Et has dimension
|T | = |rQ/nQ| =
√
|rV/nV | =
√
|V (m)/nV |
=
√
|(nV )⊥/nV | = dimX(nV ) = dimBot.
We claim that, in fact, Bot is equal to the span of all Et. By above,
it suffices to show that (0, nV ) fixes every Et. To see this, let w ∈ nV
and v ∈ rQ. Then w = wM + wQ for unique wM ∈ nM and wQ ∈ nQ.
Since n2 = (0), we have f(wM , wQ) = 0. Moreover, because nm = 0,
we have
f(wM , v) ∈ n(r ∩ R) = nm = (0).
Therefore
(0, w)ev = (0, wQ + wM)ev = (0, wQ)(0, wM)ev = (0, wQ)(0, wM)(0, v)y
= (0, wQ)(0, v)(0, wM)y = (0, wQ)(0, v)y = (0, wQ)ev = ev+wQ .
Applying this to any t ∈ T , we see that
(0, w)Et = Et,
as required.
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Consider the representation P : N → GL(X) given by
(5.5) P (a)ev = eav, a ∈ N, v ∈ Q.
We next claim that
(5.6) P (a)S(k)P (a)−1 = S(ak), a ∈ N, k ∈ H(V ).
To verify (5.6) we resort to the following formulae, which give the action
of H(V ) on basis vectors ev, v ∈ Q:
(5.7) S(0, w)ev = ev+w, w ∈ Q,
(5.8) S(0, u)ev = λ(2f(u, v))ev, u ∈M,
(5.9) S(r, 0)ev = λ(r)ev, r ∈ R.
It is easy to use (5.5) and (5.7)-(5.9) to verify (5.6). All we require is
that N preserves both Q and M (since they are A-submodules of V )
and that N is a subgroup of U and hence of Sp.
Since S is irreducible, Schur’s Lemma ensures the existence of a
linear character ψ of N such that
W (a) = P (a)ψ(a), a ∈ N.
Since multiplication by ψ merely shuffles the N -eigenspaces of Top, it
suffices to prove that these eigenspaces are nonzero when N acts on X
via P . For this purpose, let Y be the subspace of X spanned by all ev,
v ∈ Q\ rQ. It is clear that Y is N -stable. Moreover, as Bot was shown
to be the span of all Et, we see that Bot ∩ Y = (0). Thus, Y imbeds
as an N -submodule of the N -module Top. Let φ ∈ Irr(N). It suffices
to show that Y (φ) 6= (0). Let v ∈ Q \ rQ. By (5.5), we have
(5.10) εφev =
∑
a∈N
φ(a−1)eav.
Since v ∈ Q \ rQ, we have cv = 0 ⇔ c = 0 for all c ∈ A, whence
av = bv ⇔ a = b for all a, b ∈ N . As the ew, w ∈ Q \ rQ, are linearly
independent, it follows that (5.10) is a nonzero element of Y (φ). 
Theorem 5.3. Any Weil module X has 2(qℓ−1 + qℓ−2 + · · ·+ 1) irre-
ducible constituents for U, all non isomorphic to each other.
Proof. By induction on ℓ. In the classical case ℓ = 1 it is well-known
(see Theorem 7.1 below) that X has two non isomorphic irreducible
constituents for U = Sp.
Suppose ℓ > 1 and the result is true for 1 ≤ ℓ′ < ℓ. By Theorem 5.2,
Top is the direct sum of its N -eigenspaces, all of which are nonzero.
By (2.1), there are
|N | = 2|A|/|R| = 2qℓ−1
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such summands. By Theorem 5.1, we may assume without loss of
generality that W is chosen so that the congruence subgroup Ω acts
trivially on Bot and the corresponding representation of U/Ω ∼= U is a
Weil representation of primitive type. By inductive hypothesis, Bot is
the direct sum of 2(qℓ−2 + · · · + q + 1) of nonzero U-submodules. On
the other hand, by (3.2) and Lemma 4.5, we have
[X,X ]U = OU(V ) = 2(q
ℓ−1 + qℓ−2 + · · ·+ 1).
It follows that the above summands of X are irreducible U-modules
non isomorphic to each other. 
Note 5.4. Suppose ℓ > 1. The above proof shows that the irreducible
constituents of Top are the |N | = 2qℓ−1 eigenspaces for the action of
N and, up to multiplication by a linear character of U, the remaining
2(qℓ−2 + · · · + q + 1) irreducible constituents of X are the irreducible
constituents of the Weil module Bot for the unitary group U, inflated
to U.
Let SU stand for the special unitary group, namely the subgroup
of U consisting of all unitary transformations whose determinant is
equal to 1.
Theorem 5.5. Suppose n > 1. Then any Weil module X has exactly
2(qℓ−1+qℓ−2+· · ·+1) irreducible constituents for SU, all non isomorphic
to each other. Thus, all U-constituents of X remain SU-irreducible and
non isomorphic to each other.
Proof. By induction on ℓ = 1. Suppose first ℓ = 1. Then U = Sp. Since
Sp is generated symplectic transvections, every symplectic transforma-
tion must have determinant equal to 1, whence Sp = SU. We have
already noted that X has two non isomorphic irreducible constituents
for Sp, so the result is true in this case.
Suppose ℓ > 1 and the result is true for 1 ≤ ℓ′ < ℓ. Arguing as in
the proof of Theorem 5.3, we are reduced to showing
(5.11) OSU(V ) = 2(q
ℓ−1 + qℓ−2 + · · ·+ 1).
In order to verify (5.11), we claim first of all that if u, v ∈ V \ rV
satisfy h(u, u) = h(v, v) then u, v are in the same SU-orbit. Indeed, by
[CS, Theorem 3.1] there is g ∈ U such that gu = v. Let a = det g. We
readily see that a ∈ N . Since v ∈ V \ rV , there is w ∈ V \ rV such that
h(v, w) = 1. Then V =W ⊥W⊥, where W is free of rank 2 with basis
{v, w} and W⊥ is free of rank 2(n − 1). Since n > 1, there is t ∈ U
such that t|W = 1W and t|W⊥ is multiplication by a
−1. Then tg ∈ SU
sends u to v.
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Having shown that [CS, Theorem 3.1] is valid for SU, it follows that
Lemmas 4.3 and 4.4 are also valid for SU, that is,
OSU(V \ rV ) = |S| = OSU(rV \ r
2V ).
Next observe that the proof of Lemma 4.5 hinges on Lemmas 4.3
and 4.4 as well as on the fact that the canonical homomorphism U→ U
is surjective. We have already noted that Lemmas 4.3 and 4.4 are true
for SU and we know from [CS2, Theorem 10.2] that the canonical
homomorphism SU→ SU is also surjective. It follows that Lemma 4.5
is valid for SU, i.e., (5.11) is correct. 
6. Dimensions of the irreducible constituents of the
U-module X
Here we find the dimensions of all irreducible components of the
Weil module X for U. We keep throughout the notation introduced
in the proof of Theorem 5.2 and let P : Sp → GL(X) be a projective
representation satisfying
P (g)S(k)P (g)−1 = S(gk), g ∈ Sp, k ∈ H(V ),
which extends the choice made in (5.5). Let X+ and X− be the
eigenspaces of P (−1V ) with eigenvalues 1 and −1, respectively. As
shown in [CMS1, §3], the subspaces X+ and X− are nonzero and in-
variant under all P (g), g ∈ Sp. We may thus consider the function
c : Sp→ C×, given by
(6.1) c(g) = (detP (g)|X+)
−1(detP (g)|X−), g ∈ Sp.
According to [CMS1, Theorem 3.1], the map W : Sp → GL(X), given
by
W (g) = c(g)P (g), g ∈ Sp,
is a Weil representation. We are particularly interested in c(a), a ∈ N .
Recalling the decomposition
N = {1,−1} × (1 + r) ∩N,
we have the following values for c(a), a ∈ N .
Lemma 6.1. We have c(a) = 1 if a ∈ (1 + r) ∩N and
c(−1) = (−1)(|Q|−1)/2 =
{
1 if qn ≡ 1 mod 4,
−1 if qn ≡ −1 mod 4.
Proof. Since P restricts to a group homomorphism on N , so does c.
To determine the linear character c|N : N → C
×, let L be a subset of
Q \ {0} obtained by selecting exactly one element out of every subset
{v,−v} of Q \ {0}. Then e0 and the ev + e−v, v ∈ L, form a basis of
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X+ and the ev − e−v, v ∈ L, form a basis of X−. It follows from (5.5)
and (6.1) that the image of c|N is contained in {1,−1} ⊂ C
×. Since
(1 + r) ∩N has odd order, we deduce that c(a) = 1 if a ∈ (1 + r) ∩N .
Moreover, it is clear from (5.5) and (6.1) that c(−1) = (−1)(|Q|−1)/2, as
required. 
Let G be the group of all linear characters of (1+r)∩N and consider
the following subgroups of G:
Gi = {φ ∈ G |N ∩ (1 + r
2ℓ−1−i) ⊆ kerφ}, 0 ≤ i ≤ 2ℓ− 2.
Then
G = G0 ⊇ G1 ⊇ · · · ⊇ G2ℓ−2 = {1}.
Let X± denote the eigenspaces of W (−1V ) with eigenvalues ±1. For
φ ∈ G, let X±(φ) = {x ∈ X± | ax = φ(a)x for all a ∈ (1 + r) ∩N}.
Proposition 6.2. Let φ ∈ G. Then dimX±(φ) is equal to
q(2ℓ−1)n − q(2ℓ−3)n
2qℓ−1
, φ ∈ G0 \G2,
q(2ℓ−1)n − q(2ℓ−3)n
2qℓ−1
+
q(2ℓ−3)n − q(2ℓ−5)n
2qℓ−2
, φ ∈ G2 \G4,
q(2ℓ−1)n − q(2ℓ−3)n
2qℓ−1
+
q(2ℓ−3)n − q(2ℓ−5)n
2qℓ−2
+
q(2ℓ−5)n − q(2ℓ−7)n
2qℓ−3
, φ ∈ G4\G6,
...
q(2ℓ−1)n − q(2ℓ−3)n
2qℓ−1
+
q(2ℓ−3)n − q(2ℓ−5)n
2qℓ−2
+· · ·+
q3n − qn
2q
, φ ∈ G2ℓ−4\G2ℓ−2,
q(2ℓ−1)n − q(2ℓ−3)n
2qℓ−1
+· · ·+
q3n − qn
2q
+
{
qn±1
2
if qn ≡ 1 mod 4,
qn∓1
2
if qn ≡ −1 mod 4
, φ ∈ G2ℓ−2 = {1}.
Proof. By definition,
|Gi| = |N ∩ (1 + r)|/|N ∩ (1 + r
2ℓ−1−i)|.
We claim that
G0 = G1 ⊃ G2 = G3 ⊃ · · · ⊂ G2ℓ−4 = G2ℓ−3 ⊃ G2ℓ−2 = {1},
with sizes
qℓ−1 = qℓ−1 > qℓ−2 = qℓ−2 > · · · > q = q > 1.
Indeed, as shown in [HS, §7], for every proper ideal i of A we have
|N ∩ (1 + r)|
|N ∩ (1 + i)|
=
|A|
|R|
|R ∩ i|
|i|
= qℓ−1
|R ∩ i|
|i|
.
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Now
|r|
|R ∩ r|
= qℓ−1,
|r2|
|R ∩ r2|
= qℓ−2,
|r3|
|R ∩ r3|
= qℓ−2,
|r4|
|R ∩ r4|
= qℓ−3,
|r5|
|R ∩ r5|
= qℓ−3, . . . .
We see that, for j ∈ {1, . . . , 2ℓ− 1}, we have
|N ∩ (1 + r)|
|N ∩ (1 + rj)|
=
{
q(j−1)/2 if j is odd
qj/2 if j is even.
Setting j = 2ℓ− 1− i, for i ∈ {0, . . . , 2ℓ− 2}, we obtain
|Gi| =
|N ∩ (1 + r)|
|N ∩ (1 + r2ℓ−1−i)|
=
{
q2(ℓ−1)−i/2 if i is even,
q2ℓ−1−i/2 if i is odd.
This explains the above sizes and equalities between the Gi.
The action of N ∩ (1 + r) on X is the same as on the permutation
module CQ. Now CQ has the following N∩(1+r)-invariant subspaces:
(6.2) C[Q \ rQ],C[rQ \ r2Q], . . . ,C[r2ℓ−2Q \ {0}],C{0}.
The key observation is that φ appears in C[Q \ rQ] if and only if
φ ∈ G0, C[rQ \ r
2Q] if and only if φ ∈ G1, in C[r
2Q \ r3Q] if and only
if φ ∈ G2, and so on. At the end, φ appears in C[r
2ℓ−2Q \ r2ℓ−1Q] if
and only if φ ∈ G2ℓ−2 = {1}. This is because the orbits in the action
of N ∩ (1 + r) on C[riQ \ ri+1Q] are regular orbits for the quotient
(N∩(1+r))/(N ∩(1+r2ℓ−1−i) for i = 0, . . . , 2ℓ−1. In particular, every
φ ∈ Gi occurs with the same multiplicity in the action of N ∩ (1 + r)
on C[riQ \ ri+1Q].
Since all linear characters φ ∈ Gi that occur in one of these N∩(1+r)-
invariant subspaces occur with the same multiplicity, the dimension of
the φ-part of each N∩(1+r)-invariant subspace is equal to the number
of orbits ofN∩(1+r). The number ofN∩(1+r)-orbits in each subspace
appearing in (6.2) is respectively equal to
(|Q| − |rQ|)/|G0|, (|rQ| − |r
2Q|)/|G1|, (|r
2Q| − |r3Q|)/|G2|, . . . ,
(|r2ℓ−2Q| − |r2ℓ−1Q|)/|G2ℓ−2|, 1.
The quantities |riQ \ ri+1Q| are easy to compute, and we already com-
puted |Gi|, which yields a formula for the dimension of X(φ) for each
φ ∈ G. Any φ ∈ G can be extended in two ways to a linear character
of N . When φ 6= 1, each X(φ) will be split exactly in half in this pro-
cess. In the special case of the trivial character φ = 1, the dimensions
of X±(φ) agree with the ℓ = 1 case of Theorem 7.1. This gives the
indicated formulae. 
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Theorem 6.3. The dimensions of the irreducible constituents of X
under U are
(6.3)
q(2ℓ−1)n − q(2ℓ−3)n
2qℓ−1
,
q(2ℓ−3)n − q(2ℓ−5)n
2qℓ−2
, . . . ,
q3n − qn
2q
,
qn ± 1
2
.
More precisely, if ℓ = 1 these dimensions are q
n±1
2
, while if ℓ > 1 then
the dimensions of all irreducible constituents of Top under U are all
equal to
dimTop
|N |
=
q(2ℓ−1)n − q(2ℓ−3)n
2qℓ−1
,
while the remaining dimensions stated in (6.3) correspond to the irre-
ducible constituents of Bot under U.
Proof. By induction on ℓ. The case ℓ = 1 is covered by Theorem 7.1.
Suppose ℓ > 1 and the result is true for ℓ− 1. Setting A = A/r2ℓ−3, we
have the groups N,G,Gi, 0 ≤ i ≤ 2ℓ− 4, corresponding to A.
Note that the action of N ∩ (1 + r) on the basis Et+nV , t ∈ rQ, of
Bot is like the above action but for the quotient space Q/r2ℓ−3Q ∼=
rQ/nQ, that is, the action of N ∩ (1 + r) on Bot is the same as on the
permutation module C[Q/r2ℓ−3Q]. This gives dimBot±(φ) for every
φ ∈ G by simply replacing ℓ by ℓ − 1 in the formulae of Proposition
6.2.
Now a φ ∈ G0 \ G2 does not give rise to any linear character of
N ∩ (1 + r), so that φ does not enter Bot, and after that G2 \ G4
corresponds with G0 \G2, G4 \G6 corresponds with G2 \G4, and so on.
The resulting cancellations in dim Top±(φ) = dimX±(φ)−dimBot±(φ)
give stated dimensions of all irreducible constituents Top±(φ) of Top.
The others follow by inductive hypothesis via Theorem 5.1. 
7. Decomposition of X into irreducible Sp-modules
The action of the central element −1V of Sp on X is determined in
[CMS1, §3]. If ℓ > 1 then V is not a free R-module, and it is conceivable
that in this case a linear character Sp → C∗ be nontrivial on −1V ,
thereby altering the dimensions of the eigenspaces of −1V acting on
X . This is not the case. Indeed, let u1, . . . , un, v1, . . . , vn be an A-basis
of V satisfying (2.2) and set U1 = Ru1 ⊕ · · · ⊕ Run ⊕ Rv1 · · · ⊕ Rvn,
U2 = Rπu1 ⊕ · · · ⊕ Rπun ⊕ Rπv1 · · · ⊕ Rπvn. Then V = U1 ⊥ U2.
Moreover, the symplectic groups associated to U1 and U2 are isomorphic
to Sp2n(R) and Sp2n(R/n), respectively. These groups are perfect,
except when (n, q) = (2, 3), but even in this case the nontrivial central
element is in the derived subgroup, as the index of the derived subgroup
in SL2(R) and SL2(R/n) is 3. All in all, −1U1 and −1U2 are in the
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derived subgroups of Sp(U1) and Sp(U2), respectively, so −1V is in the
derived subgroup of Sp.
Theorem 7.1. The Weil module X has 2ℓ irreducible constituents for
Sp, all non isomorphic to each other, with dimensions as indicated
below.
Proof. The classical case ℓ = 1 follows from (3.2), the fact that U = Sp
has two orbits on V , and that the eigenspaces X± of −1V acting on X
are nontrivial. As for their dimensions, we have (see [CMS1, §3], for
instance)
dimX± =
{
qn±1
2
if qn ≡ 1 mod 4,
qn∓1
2
if qn ≡ −1 mod 4.
Suppose ℓ > 1 and consider the ideals of A square (0), namely the ℓ
ideals
0 = r2ℓ−1 ⊂ r2ℓ−1 ⊂ · · · ⊂ rℓ.
It follows from Lemma 2.1 that each riV , ℓ ≤ i ≤ 2ℓ − 1, is an Sp-
invariant R-submodule of V , clearly totally isotropic with respect to f .
By [CMS1, Corollary 4.3] we have the following chain of ℓ+ 1 distinct
Sp-submodules of X :
(0) ⊂ X(rℓV ) ⊂ · · · ⊂ X(r2ℓ−2V ) ⊂ X(r2ℓ−1V ) = X,
which gives rise to the ℓ factor modules
Yi = X(r
2ℓ−iV )/X(r2ℓ−(i+1)V ), 1 ≤ i < ℓ,
and
Yℓ = X(r
ℓV ).
Let Y ±i indicate the ±1-eigenspaces of −1V acting on Yi. It follows
from Lemma 2.2 and [CMS1, Lemma 4.4] that for 1 ≤ i < ℓ we have
dimY ±i =
√
|ri−1V/r2ℓ−iV | −
√
|riV/r2ℓ−(i+1)V |
2
=
q[2(ℓ−i)−1]n(q2n − 1)
2
.
Moreover, it follows from Lemma 2.2 and the proof of [CMS1, Lemma
4.4] that
dimY ±ℓ =
{
qn±1
2
if qn ≡ 1 mod 4,
qn∓1
2
if qn ≡ −1 mod 4.
In particular, the eigenspaces of −1V acting on each Yi are nontrivial.
Therefore, X is the direct sum of 2ℓ nonzero Sp-submodules. We infer
from (3.2) that these modules are all irreducible and non isomorphic
to each other. 
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